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Abstract 


Chapter  1  deals  with  a  class  of  divisor  problems. 

The  average  of  the  divisor  function  (the  number  of 
representations  as  a  product  of  1:  factors)  over  numbers 
of  the  form  p-a,  p  <  x  (p  prime)  is  tied  up  with  a 
certain  conjecture  about  the  distribution  of  primes  in 
arithmetic  progressions ,  This  work  is  to  appear  in  the 
Proc,  of  the  London  Kathematical  Society. 

Chapter  2  describes  some  interesting  numerical 
work  by  J.W.  Porter  in  connection  with  Selbcrg's  sieve 
which,  when  joined  with  some  recent  theorems  of  Halbcrstam 
and  Richert,  yields  several  remarkably  good  new  results 
in  additive  princ  number  theory.  This  work  will  appear 
in  Acta  Arithnctica.  In  this  Chapter,  too,  Porter  outlines 
some  progress  ho  is  beginning  to  moke  with  an  improvement 
of  the  Selborg-Bv.chstab  approach  to  the  lowor-bound  sieve . 

Chapter  3  is  a  survey  by  H.  Halberstam  of  recent 
progress,  largely  duo  to  Richert  and  himself,  towards  the 
notorious  Hypothesis  H  of  Schinzel  concerning  prime 
values  assumed  simultaneously  by  numbers  of  integer 
valued  polynomials.  The  progress  has  taken  the  form  of 
approximating  to  tho  classical  questions  in  terms  of 
results  about  almost -primes,*  and  similar  approximations 
with  respect  to  other  questions  in  prime  number  theory 


are  described. 
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1.  DIVISOR  SUMS 

Let  k  be  an  integer  greater  than  one,  and  denote  by 
T.  (n)  the  rnunber  of  waya  of  expressing  the  positive 

IV 

integer  n  as  the  product  of  k  positive  integers,  having 
regard  to  tho  order  of  the  factors.  Write  T  .  (x)  for 

A  i  K 

the  sum 

2  Tk*P"a> 
a<o<x  K 

where  a  is  a  positivo  integer. 

Porter  has  obtained  an  asymptotic  formula  for  T  .  (x) 

A  i  K 

on  the  basis  of  the  following  hypothesis  (H^): 

If  tt(x;d,h)  denotes  tho  number  of  primes  less  than 
x  congruent  to  h  modulo  d,  then  there  oxists  a  number 
B  »  B(k)  such  that 

2  max  ) TC(x;  d,h)  -  rfjrl  <  """iJrAv+A 

d<  l<h<d  *(d)  log1^  4k+6x 

d<x  (loSx)  (d7hJBl 


Theoron;  If  (H^)  is  true,  then,  as  X  — >  cc, 


t,k(x)~Tk^rr  J  (1+p  giT1?:  )  i  (1_p)  xlogk~2x* 

p/a  p  (p~l)  p| a  * 


We  begin  with  the  remark  that 


Tlc(n)  a 


totl  *  *  ^k-l*11 


tk-l<tk“2<*  *  ,<:to 


tj  . .  .tk_1=n 


2 


t  .<n1/k 
lc-1 


+.  <+.  *(■*/*■  *  ^1/2 
t  -I  -•-/  -<  -t  1' 

tnt1 


of  S  l) 

*?  *2  •  •  •tk~l=n 


Hence 


t  v(x>  «  k*  r 
’  «<p<* 


2  l/v  1  +  0 (  £  £  i) 

Vl<(p‘a)  A  W  tf  tj  ' 

WWiW/Vi)1/(k'11 

*t  <*,  <:t(p-a)/tj  t5  . .  .t  }1/2 
p*a  nod  t,  tj 


=  k!  Vi<W,4.i)1/IHI'" 


**  <*,  <(x/ta  t,  .  a+tf  t*  . .  .  V1<p<x  1 

p" mod  t,  tj  ..  ,tk 


+  °(  „Sl/2  2  »  Tk-2^m0> 

't  <jc'  *  m<x/t2  k  2  ' 


that  is 


T.,k(x)  "  k:  ••  •tK-iit'  «* 


+  0  £ 


1/2  t* 


logk“3  x) 


where  we  write  E*  for  the  (le-l)-fold  summation  symbol 


tk-i<*1A  * 


k-l<tk-2<(*/tl-,-l,1/<!'  11  <t1  «*/*«  *)  . .  •tk.1)1/,a 
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It  follows  from  (l)  that 


T  k(x)  a  killx.s,  tk'.Sj  -lt'.S,  +  O(xlogk“3x) 


where 


^  (t,  tj  ,  ,  ftk-i.a)-l  **^1  ** 


(t,  t* 


Z*  {rc(x;t,  ta  ...t-  ,,fl)--.T.-T'11Xt  1} 


S3  =  E*  -rt(a+t|  tj  . ,  .t,  .  •  tj  t,  . .  ,t.  ,  a)  4  (5) 

*C"i  K— 1 

We  remark  that  if  tj  ,  tj  ,  .  , , ,  tjt_ ^  are  subject  to  the 
conditions  of  summation  of  E*, 

1“  — 

tj  tj  <  x  Ic  .  (6) 

We  now  prove  a  lemma  (which  we  shall  require  in  the 
estimation  of  S,  in  Lemma  2)  conooming  sums  of  the  form 

G(Y)  »  E^n  (l+f(p))  (7) 

c<t<Y  p|bt 
(t, n)*l 

whore  b,c  are  positive  integers,  (b,a)  =>  1  and  f(p)  satisfies 


the  inequality 


0  <  <  ~T. 

-  P“1 


Lemma  1 . 


Under  the  condition  (8), 


g(y)  -  n  (i  +  ^-)  J  (i-i)  n  (i* 


P/fo  p  p|a'  p  p|b 


Md)T(d) 


+  o(  E 

M|b  *(d 
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Proof. 

Define  f(d)  for  square-free  d  by  demanding  that  f  be 
multiplicative,  so  that 

G{Y)  »  2  f  2  (a)f(m)  . 

o<t<Y  x  ml  bt 


In  the  inner  summation  write  m  =  d6,  where  d|b,  6|t, 
and  (d,t)  *  1.  We  f^nd 


G(Y)  =  2  ^(d)f(d) 


d  b 


c<t<Y  *  6  1 1 
(t , ad)=l 


T  E  (i2  (5)f (6) 


»  2  |a.z  (d)  f  (d)H  .(Y)  ,  (lO) 

d|b 

writing 

H.(Y)  a  2  ■—  2  |i2  (6)f(6) 

®  o<t<Y  z  6 |t 

(t| ad)«l 


»  2  in  (l+f(p))  . 

o<t<Y  1  p|t 
(t, ad)»l 


We  now  define  a  multiplicative  function  g  on  the  square-free 
integers  by  setting 


so  that 


g(p> 


f  (p)  if  p^ad 

i 

(  -1  if  p | ad 


H.(Y>  a  2  i  n  (1+g(p)> 

d  c<t<Y  t  p|t 


-  2  i  2  (m)g(m) 

c<t<Y  x  m|t 


j,  U2  (in)  g(m) 
o<nm<Y  ^ 


H,  -Hj 


(11) 


whoro 
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We  further  define  T^^xjb.c)  by  tho  above  equation,  save 
that  the  firat  aumation  symbol  is  replaced  by 


*<r+. 

Wo  note  that  S,  »  ^  l)  ,  Wo  shall  prove  by  induction 

on  r  that 


T  (x;b,  o)  -  n  (1+f  (p))lo«r(~“) 

r  p I b  be 


*  °®  af, 


J  (d)T(d)  .  r-1  \ 

x)' 


whoro 


~(p-l) 


C<rl 


=*£)  n  (x-±)' 

-1)  'p  »v  p/ 


f  (p)  ■  — -  . 

r  pr+1-(p-l)r 

Tho  lemma  then  follows  from  (12) ,  Thr  truth  of  (12)  for 
r  ■  1  is  an  itnnediato  consequenoo  of  Larina  1.  Suppose  there¬ 
fore  that  (12)  la  truo  fer  r  «  R.  Thon 


TR+1(x;b,o) 


E  1  /(  R+  2)  'C"b^  A  (l  +  fR(p^  )  l0«R( - S+o) 

e<t<(x/b)1/(R+2)  bt  p|bt  R  H>tR+2/ 

(t, a)«l 


+  O^log1^”1  X 


t<x  “v  d  bt 


If  we  write,  for  R  >  0, 


Gr(Y) 


e  7  n  d+fp(p)), 

o<t<Y  x  p|bt 
(t , a)°l 


wo  havo  for  tho  main  torn  of  (13) 


V 


(x/h)'-/{R+2) 


'bt 


,  ..  ,l/(R+2) 
c 


”•  /  —  V  Jj. 


bt 


C(R+i) 

b 


?b(1+fR+i))l0GR  1^^)  +  0{i  u  (/<d)(d)  log  x)* 


dlb 


on  applying  Lemma  1 . 

The  error  torn  in  (13)  can  bo  easily  shown  to  bo 


This  completes  the  induction  step  and  the  proof  of  the  Lemma. 


Lemna  3 . 


Proof: 


Sj  a  O(xlo$*~-*  x)  . 


By  the  Brun-Titchr.iarsh  theoron, 

tf  tg  .  . 

33  <  S  '  XK^  tj  . .  .\_jilog  t, 

whence  the  result  follows  without  difficulty. 

Lemma  4 . 

On  the  hypothesis  (H^) , 

/  \ 

Sj  =  0(^x  log  x) , 

Proof: 

We  remark  first  that  the  summation  over  ^  in  may 
be  restricted  to  the  range 


**  <  ^  <  <*&&£  )V2' 
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since  the  contribution  of  the  remaining  values  of  ^  may 
be  shown  to  be  O(xlog*  J  xloglog  x),  by  an  application  of 
the  Brun-Titchmarsh  theorem. 


If  we  write 


E(x,n)  a  max  I  fl(x;n,  a)  -  M--X\  I 
Ka<n  *(n) 

(a7n7=l 


we  have 


Sj  4C  £  T,  ml(n)E(x,n)  +  X  logk  ^xloglogx 


1-i  _B 

n<x  “(logx) 


By  the  Cauchy-Schwara  inequality  and  Hypothesis  (H^) 

2  t  (n)E(x,n) 

■t  A-  ± 

n<x  **(logx)  B 


<  (  Z  TZk_1(n)E(x,n))L/2(  £  E(x,n>) 


1/2 


n<x 


1-i 

n<x  k(logx)”B 


<K  x 


i/2(  j  Sui£)1/2!!i/a(losx,-i< *-**+«> 

n<x  ” 


«  x  log  X. 


(14) 


The  theorem  .now  follows  from  (2)  and  Lemmas  2,  3  and  4. 


2.  THE  SMALL  SIEVE 


svtuvuiij 


-  -*  -  3  3  /  *  -  A  -  ft  - J  A.  1. - i.i  .  .  4  a£  #.  \  U..». 

QUU  VUXOllA  \AWbU  *%JL  JL  WltklO  bAVn  t  A7V1#  •  ««•*« 


shown  the  importance  of  the  solutions  of  certain  differential** 
difference  equations  and  parameters  defined  in  terms  of 
them  in  the  Selborg  lower-bound  sieve  method. 


For  each  h  >  0,  lot  a  (u)  denote  the  (continuous) 

K 

solution  of  the  dif f erential-dif f eronce  equation. 


(u~'la„  (u) ) '  ■  — Hu”R“1av  (u-2) , 

7l  X 

,  %  2”He“r>t  k 
cth(u)  ”  TC+TTU  * 


(u  >  2) 

(0  <  u  <  2)  . 


Further  let  denote  the  (unique  and  positive)  solution 
of  the  equation 

V*>  "  f  {tx W-  dt  * x- 

X  A 

Porter  has  investicated  these  functions  on  a  computer  and 
has  extended  the  table  of  values  of  V  as  far  as  k  ■  l6 . 

rV 

He  has  also  found  and  corrected  what  appears  to  be  a 
systematic  error  in  the  table  of  values  of  (u)  given  by 
Ankeny  and  Onishi, 

The  results  of  these  calculations  have  a  number  of 
consequences  of  which  some  of  the  most  interesting  are 
summarized  in  the 
Theorem! 

(i)  There  nro  infinitely  many  primes  p  such  that 
(p+2) (p+6)  is  tho  product  of  at  most  7  prime  factors. 

(ii)  There  aro  infinitely  many  n  such  that  (8n+l) (n? +n+l) 
is  the  product  of  nt  most  6  prime  factors. 

(iii)  There  aro  infinitely  many  primes  p  such  that 
(p+2 )  (p2 +p+l)  is  tlio  product  of  at  most  9  prime  factors. 


io 


B.  Porter  hac  now  obtained  a  lower  bound  for  the 
•non-linear*  sieve  which  is  slightly  superior  to  that 
given  xn  the  Third  Quart orly  Report.  As  usual,  we  suppose 
that  vre  have  a  sequence  jA  of  integers  and  a  set  P  of  primes 
for  which  we  can  find  a  nunber  X,  a  multiplicative  function 
u>(d)  and  numbers  satisfying  a  number  of  conditions  of 
which  the  most  important  are  the  followings 

(i) 


z  1  - 
d|a 


(ii)  There  exists  a  nunbor  k  >  0  such  that 

£  e  nlogx+0(l); 

p<x  P 

(ill)  There  exists  a  nunbor  %  suxh  that 

£  n2(d)3v(d)|Rd|  -  0( - 

d<§2  °  'log*  1  X ' 

where  v(n)  denotes  tho  nunbor  of  prime  factors  of  n. 

We  seek  upper  and  lower  bounds  for  the  quantity 

S<AaJ£.*>  ■  i  E  £ ;  q|a  and  (a,  H  p)  =  l}|, 

q 

p<z 


As  before  we  let,  for  r  »  2,3 

CD 

r 

X 


T1H,r(x)  3  ,u:"R  f  tK"lr'H,r-l(t"l)  dt’ 


interpreting  r\  .  (sc)  ns  t|  (x)  . 

K  i  i.  K 

We  suppose  that  the  equation 

— 4rrs-  “  1  +  r\u  Ax) 

C’K'3*' 

has  a  unique  root  (a  conjecturo  that  is  supported  by 
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nur.ierical  evidence,  at  least  for  snail  k)  .  Then  starting 
from  the  second  iteration  of  the  Buchstab  identity  in  the 
form 


S(A  }P, z) 


,E,  SCA  sE.*, ) 

1  2)  Sp<Z  ^ 


p<?2/<l+H„> 


*  <  S(^  a  >  ‘  A  5(.4pi£>p> 

Z)  £p2  <pj  <z  ^  ^  aj  £p<z 

pj<§2/(i+\K)  ^/(i+X*)^ 

Pi  >  P*  e£  pe£ 


we  obtain  the  following  bounds: 

S(A  ;P,  z)  <  H  (l  -  )f  (1°^ i^Z|')  +  error  terms 

q  -  q  P  '  KvLogz  / 

and 

S(V’E’z)  >  n  (l-a^*)fH(l^4)+  error  terms, 


with 


F.t(u)  -  1+  \j2(u) 


,K  +lxH 


f/u)  .  j 


;  i-vu>  ♦(-%-)  1%‘V1’  -tik,3<vi))  <«s  vi> 


1‘"»,3<u> 


(u  >  XH  +  1) 


Numerical  investigation  of  these  functions  and  their 
consequences  in  the  applications  of  the  sieve  is  in 


progress . 
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3.  THE  SMALL  SI3V2:  PROGRESS  TOWARDS  HYPOTHESIS  H 

< 1 X  Prime  number  theory  studies  the  distribution  of  primes 

in  sequences  of  natural  numbers*  such  as  N  itself,  arithmetic 
progressions  and  polynomial  sequences  (such  as  n4  +  1,  n  *  1,2, 
An  extensive  range  of  such  questions  is  embraced  by 

Hypothesis  H  (Schinzal  1958) 

Let  f,  ,  ...,f  bo  distinct,  irreducible  polynomials  e  Z  [x 
(with  positive  leading  coefficients)  and  supposo  that  .  .  ,f 

© 

has  no  fixed  prime  divisors.  Then  thoro  exist  infinitely 
many  integers  n  such  that  each  f^(n)  (i  «  l,...,g)  is  PRIME. 

When  g  =>  1  and  f,  (vi)  «  an  +  b,  with  (a,b)  =  1,  H  asserts 
in  effect  that  the  arithmetic  progression  an  +  b  (n  -  1,2,..,) 
contains  infinitely  many  primes;  this  was  proved  by  Dirichlet 
in  1837  and  is  the  only  case  of  H  known  to  be  true'. 

The  general  case  g  a  1  waa  conjoctured  as  long  ago  as 
1857  by  Bouniakovolcy ;  an  interesting  particular  case  would 
bo  n4  +  1  =  p  infinitely  often  (to  bo  written  i.o.  for  short) , 
The  case  of  g  1 inoar  polynomials  was  first  conjee curod  by 
Dickson  in  1904 j  with  g  =»  2,  fj  (n)  ■  n  and  f2  (n)  =  n  +  2  we 
should  obtain  the  prime  twins  conjocture. 

Let  us  write  F  *  f.  .  .  .  f  .  and  let  P_  denoto  an  almost- 

C  1  S  T  - 

prime  of  order  r,  that  io,  a  number  having  at  most  r  prime 
factors,  counted  according  to  multiplicity.  Then  H  asserts, 
subject  to  the  stated  conditions  on  that 

(l)  F  (r.)  o  p  i.o. 

S  S 

Although  experimental  and  heuristic  evidence  suggests  not 
only  that  (l)  is  true  but  that  it  is  true  very  often  indeed 


1  a 


(H  has  been  formulated  in  quantitative  form  by  Bateman  and 
Horn),  H  appears  to  be,  at  the  present  state  of  knowledge, 

- 1  hnnou.iiv  hh  r ^  Mil  t .  Nevertheless,  let  us  formulate 

V  —  — g. - - W 

a  companion  conjecture,  H*,  which,  if  anything,  lies  even 
deepar 

Hypothesis  H* 

Let  c  (p)  denote  tl:o  number  of  solutions  of  the  congruence 
8 

P  (x)  3  Omodp,  0  <  x  <  p  and  suppose  that  p  (p)  ^  P  for 
g  ~  8 

primes  p  (as  in  H) ,  as  well  as  that  pg(p)  <  p“  1  if  PJFg^°* 
(this  requirement  can  be  aenn  to  be  essentially  necessary)  . 
Assume  that  f^(n)  /  n  (i  *  1,  .  . ., g)  • 

Then 

(2)  ?Jj?)  =  P  i.o. 

It  is  easily  scon  that  the  case  g  *  1,  fi  linear  leads, 
in  particular,  to  the  prime  twins  conjecture  (again)  and  to 
Goldbnch's  conjocturo , 

The  object  of  thi3  survey  is  to  describe  the  currently 
best  known  approximations  to  H  and  H* ;  though  far  short  of 
what  is  probably  true  these  approximations  -  of  type 


(1')  fjs-)  ■  ph  i-°‘ 

O  11 

and 

(2')  M?)  =  Ph*  1,0  *’ 

O 

where  h  =  h(g,k)  and  h*  -  h*<S,l:>  U-  a  d«8  Fg>  _  are 
nevertheless  of  such  ft  quality  as  to  represent,  1  believe, 
results  of  intrinsic  interest. 


( ii)  Results:  g  58  1 

Here,  for  the  case  of  a  ainglo  irreducible  polynomial 
F,  =  (f,  ),  wo  obtain  the  sharpest  results.  An  account  of  the 
method  of  proof  is  to  bo  found  in  H.-E.  Richert  (Mathematika  1969) 


where  theorem  1  bolow,  aa  veil  os  tho  corollaries  of  theorem  2 
are  stated  explicitly. 


Theorem  1  If  doc  ^  a  then,  under  tho  conditiono  in  H; 

(:0  "  Vk+1  i‘°“ 
and,  under  the  conditions  of  K*, 

P1  <P>  *  P21i+1  i*°‘ 

Thus,  for  example,  n?  +  1  =  Pj  i.o,,  and  p*  +  p+l  =  Pe  i.o. 

In  the  linear  caso  of  H*  wo  have 


Theorem  2  If  ob  ^  0,  (a,b)  <•  1  and  2|ab, 
ap  +  b  a  P}  i.o.; 

of  tho  primo  factors  of  P*  .  none  13  loss  than  (ilN)^^;  in  fact, 
Pj  la  cither  a  P2  or  hoo  a  (non-ronoatod)  prime  factor  betweon 
(iiN)*/®  and  (iiN)^^,  Moroovor. 


|  Ip  :  P  <  x,  apt  b 


•’3  )|  >  f  »  (l 


p>2 
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2<p | ab 


P-1  _ 

p-2  lo 
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X 


(x  >  X  )  . 

-  o 


Aa  contributions  towards  tho  prime  twins  and  Goldbach 
conjectures  one  can  show  in  this  way  that 
Corollary  1  p  +  2  ■  Pj  i.o. 

and 

Corollary  2  If  n  ia  a  largo  enough  oven  noturol  number,  then 
n  can  be  represented  in  the  form 

°  P +  • 


Let  us  take  a  *  3  and  b  =»  1  in  thiorom  2,  There  is  an 
interesting  connection  hore  with  nnothor  old  conjecture  in 
multiplicative  number  theory:  namely,  that  if  d(n)  is  the 
Dirichlut  divisor  function,  then  there  exist  infinitely  nan 


n 


such  that  d(n+l)  »  d(.:)  . 
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Nov/  if  wa  could  be  sure  in  theorer.  2 
that  the  Pj  is,  i.o.,  tho  product  of  three  distinct  primes, 
wo  should  have  immediately  a  proof  of  this  arm joctnre .  As 
it  is,  all  we  can  doduco  is  that  oithor  the  conjecture  is 
true  or  8p  +  1  «  Pj  i  .c  .  1 

(This  observation  aroao  from  a  conversation  with  Professor 
Mirsky  and  Dr.  Vaughan . ) 

Intuitively,  one  would  axpoct  hotter  results  if  one 
considered  instead  of  polynomials  in  a  single  variable,  forms 
in  several  variablos.  In  confirmation  wo  have 

Theorem  3  (G.  Greavaa  -  J .  of  Number  Theory  1971)  If,  F  is 
an  irreducible  form  e  2[x,y]  of  decree  k  >  3,  without  fixed 
prime  divisors,  then 

F(n,n)  »  P[v/2]+i  i-°‘ 

For  example,  if  k  ■  3,  ?(n,n)  «*  P2  i.o, 

(The  case  of  quadratic  forma  was  nlrondy  settled  by  de  la  Vallee 
Poussin.) 

(iii)  Resulta:  g  >  1 

H.E,  Ricliert  and  I  have  dovolopod  and  refined  the  method 
of  Ankeny  and  Onishi  (Acta  Arithnotica  1964)  to  yield  all 
tho  results  listed  below;  a  full  account  of  the  method  and 
of  the  proofs  will  bo  given  in  a  forthcoming  book  by  Richert 
and  myself  on  Sievo  i-'othods .  To  gain  the  maximum  precision 
from  the  method  or.e  mat  have  recourse  to  numerical  integration; 
this  has  been  done  for  sovoral  special  problems  in  the  theorem 
of  Section  2A .  Thcro  is  another  method  which  yiolds  results 
as  general  as  thooo  liotod  below,  duo  to  Miech  (Acta 
Arithnotica  1964) ;  but  our  results  arc  always  at  least  as 


good  as  his,  and  noatly  bettor 
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Theorem  4  Lot  n^,  (l  =  1( be  Integers 
satisfying 

S 

n  a.  n  (a  b,„  -  n,,b  )  j  0  . 

<■1  1  J  “  •* 

•-^vr  ‘-“*o 

e 

If  the  polvnonial  n  (c.a+  b  )  aotisflea  tho  conditions  In  H, 

i»l  1  1 

it  la  infinitely  often  n  P^  provided 

(3)  h  =  h(g)  >  (g+l)  1  og  v  +  g  -  1  ; 

O 

S 

and  If  It  satisfies  the  conditions  of  H*,  then  H  (a.p+b  ) 

—  iBl  1  l 

la  infinitely  oftor.  a  provided 

(4)  h*  =  h*(g)  >  (g+£)  log  2V^,  +  2g  -  1  -  £(g/vg) 

the  v„  occurring  In  (l)  and  (4)  increasce  with  g,  and 
vg/g  — ►  2.44  ...  OB  g  — >  CD  (ace  Table  1  p.  18) 

For  example,  vo  havo  h(3>  «  10  and  h*(3)  =*  14  a* 
admissible  choices  in  thooron  5.  Table  2  providoe  such 
information  for  other  values  of  g.  For  g  very  large,  we  aeo 
that. 

h(g)  ~  g  log  g  +  (l  .892  .  .  .)g 

Theorom  4  is  a  special  case  of  the  following  quite 
general  result. 


Thoorom  5  If  F  .  satisfies  tho  conditions  of  H,  then 
infinitely  often  F.(r )  =  provided  (k  =*  deg  F  ) 

h  -  h(g,k)  >  log  ..  J  +  I:-l  -  ; 

S  g 


and  If  F  satisfies  t ha  conditions  of  H*,  then  infinitely 

C* 

often,  F^p)  “  provided 


g 


h*  *  h*(g,k)  >  g(l  +  ^)log  2k-  1  -  -fiL  . 


17 


With  the  he  1;  of  Table  1,  nany  numerical  illustrations 
may  be  constructed.  Hors  «ro  two  spociol  results  whero 
maximum  precision  has  been  sncrificod  to  simplicity  of  form: 
if  k  >  5 1  wo  hflvo 

F‘<n)  ■  i-.J+i  1-°- 

in  the  cose  of  H;  and,  in  the  cose  of  H*, 

^  (p)  -  ?[2!:+2  loglc]  +  3  i,0‘ 
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( iv)  Related  results 


i  y 


The;  methods  for  proving  the  results  of  section  2  (the 

_  1  \  ....  _ .1  .  A.  —  I  -  •»  -1  .  1 »  4m 

VUOt  ^  —  X  /  VUit  UW  i  1UV.W  VV  J  XVX  VI  UXWV  ■*■  »• 

terms  of  altnost-prir.es,  to  the  famous  classical  problems 
concerning  gaps  between  consecutive  primes,  and  the  least 
prime  in  an  arithmetic  progression.  Theorems  6  and  7  ore 
slight  refinements  of  two  theorems  in  the  paper  of  Richert 
cited  earlier.  The  refinement  amounts  to  introducing  some 
control  on  the  multiplicity  of  the  prime  factors  of  almost- 
primes,  and  is  node  possible  by  applying  some  old  results 
of  Roth  and  Halberstan-Rcth  on  gaps  between  consecutive 
k-free  numbers  ( j  .  London  Math.  Sec,  1951) 


Theorem  6 

Lot 

denote  a 

k-froe  almost- prime  of 

order  r .  Then 

there 

is  o 

VU) 

ir. 

x) 

for  x  >  3%  , 

pO) 

in 

[==-*4/i1, 

x) 

for  x  >  X}  , 

p,(2) 

ir. 

x3/1\ 

x) 

for  x  >  x,,  , 

and  a 

1 

p([i(r+l]) 

r 

o- 

N 

\ 

H  (M 
w 

1 

x) 

for  x  >  x  ,  r  >  5  . 

■  r  • 

These  results  s 

hould  bo  c 

;onparcd  with  the  recent  result 

of  H.  Montgomery,  according  to  which  there  is  a  prime  in 
[x-  ::p  ,  x)  if  x  >  xq(c)  . 


Theorem  7  Supaoae  that  a  and  b  are  coprime  natural 
numbers.  Then  the  arithmetic  progression  b mod  a  contains  a 


,(2) 


<  n 


11 /5  (a  >  c*>,  P,(2)  <  a  (a  >  a,), 

1  +  1 


Ph  <  a11/R  (a  >  ah)  and  a  Pr  <  a  r” ( 9/7 ^  (a  >  apl  r  >  5) 
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Those  results  should  be  neosurod  against  Linnik’s  famous 

result  which,  in  a  lator  fom,  states  that  the  progression 

777 

b  mod  a  contains  e  prime  p  <  a  '  \  and  the  result  of  Elliott 

and  Halberstan  according  to  which  the  least  prime  p(a,b)  in 
Hie  arithmetic  progression  b  mod  a  satisfies 

p{a,  b)  <  5(a)  loga.6(a)  (a  >  aQ) 

with  6(a)  any  positive  function  tending  nonotonically  and 
arbitrarily  slowly  to  ®,  for  asymptotically  f(a)  progressions 
bmoda,  for  almost  all  a, 

Fluch  has  proved  rocontly  that  b  nod  a  contains  a 
(2)  1/2 

P4  <  aJ/  ;  it  vrould  bo  interesting  to  see  whether  tho  P,, 
in  theorem  7  could  bo  chosen  squarefree  -  this  is  probably 
rather  difficult ,  Wot  only  should  we  then  have  an  improvement 
of  Fluch' s  result,  but  also  of  tho  old  Prachar-Erdos  result 
concerning  the  least  squarefree  number  in  an  arithmetic 
progression . 

To  illustrate  tho  versatility  of  the  modern  sieve 
method,  let  ne  conclude  by  quoting  the  following  recent 
result : 

Theorem  8  (Do3houillers  1971  “  unpublished)  J^f  a  is 
irrational,  there  exist  infinitely  many  integers  n  such  that 
[an2  ]  *  P6  . 
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